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If the initial quantum state of the primordial perturbations broke rotational in-
variance, that would be seen as a statistical anisotropy in the angular correlations
of the cosmic microwave background radiation (CMBR) temperature fluctuations.
This can be described by a general parameterisation of the initial conditions that
takes into account the possible direction-dependence of both the amplitude and the
phase of particle creation during inflation. The leading effect in the CMBR two-
point function is typically a quadrupole modulation, whose coefficient is analytically
constrained here to be |B| . 0.06. The CMBR three-point function then acquires
enhanced non-gaussianity, especially for the local configurations. In the large occu-
pation number limit, a distinctive prediction is a modulation of the non-gaussianity
around a mean value depending on the angle that short and long wavelength modes
make with the preferred direction. The maximal variations with respect to the mean
value occur for the configurations which are coplanar with the preferred direction
and the amplitude of the non-gaussianity increases (decreases) for the short wave-
length modes aligned with (perpendicular to) the preferred direction. For a high scale
model of inflation with maximally pumped up isotropic occupation and  ' 0.01 the
difference between these two configurations is about 0.27, which could be detectable
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2in the future. For purely anisotropic particle creation, the non-Gaussianity can be
larger and its anisotropic feature very sharp. The non-gaussianity can then reach
fNL ∼ 30 in the preferred direction while disappearing from the correlations in the
orthogonal plane.
I. INTRODUCTION
The inflationary paradigm is well compatible with the latest Planck 2015 data [1]. Built
upon quantum field theory and general relativity, the predictions of this scenario also depend
on symmetries that are known to hold at low energy. However, since the energy scale of
inflation could be as large as the GUT scale, it is not unreasonable to consider that some
of these symmetries were broken during inflation. In particular, rotational symmetry could
have been broken by the anisotropic evolution of the background, due to a contribution in
the energy density of the universe that breaks the symmetry at the classical level, or at
the quantum level. One could envisage that the effect of high-energy physics was to excite
some modes of the primordial quantum fluctuations from the Bunch-Davies (BD) vacuum
to excited states that break the rotational symmetry by picking up a preferred direction.
These anisotropic excited states set the initial condition for the perturbations inside the
horizon that will get stretched to scales well beyond the horizon during the exponential but
still isotropic expansion of the universe, and eventually re-enter to give rise to the cosmic
microwave background radiation (CMBR).
On the other hand, if inflation lasted only for a finite period, it may not have had time to
completely smoothen and isotropise the universe at the very largest scales. The perturbation
modes at those scales would then originate from a background without the symmetries of
the Minkowski space, and in this case one may also expect the initial vacuum state to break
the isotropy of the BD vacuum. Two complementary interpretations for such a breaking are
possible because the largest scales of our universe have stayed frozen outside the horizon for
longest and thus at the same time carry the imprints of the earlier stage of the primordial
vacuum.
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3In this work, we will consider a general parameterisation of the initial conditions that can
describe both types of scenarios. We assume a preferred direction nˆ in momentum space [33],
which generically leads to the modified scalar power spectrum
PS = Piso
[
1 +M(kˆ)
]
, (1)
where Piso is the standard isotropic spectrum and
M(kˆ) = A kˆ · nˆ+B (kˆ · nˆ)2 + C (kˆ · nˆ)3 + . . . , (2)
contains the dipole (quadrupole) term proportional to A (B) as well as higher multipoles.
The same pattern will then appear in the temperature anisotropy of the CMBR, that is
∆T (kˆ) = ∆Tiso(kˆ)
[
1 +M(kˆ)
]
. (3)
The coefficient A and all odd higher multipoles vanish, as they cannot be accommodated
in a scalar spectrum (except in a non-commutative model of inflation [3]), as explained in
detail in the appendix A. A previous study considered the possibility of a - somewhat ad
hoc - dipole modulation of the initial conditions in the position space, with the motivation
of generating a hemispherical asymmetry in the CMBR [2]. In this paper we however
parameterise the properties of the initial state in the momentum space, by assigning initial
conditions for each Fourier mode such that they depend only upon the wavevector of the
mode. The odd contributions then drop out in (2).
Higher-order multipoles could also contribute in (1) and (3). For example, Ref. [4] sug-
gested an inflationary model that can account for the quadrupole term in (2), and computed
the effects such modification of the power spectrum would have on the CMBR (3). Various
other models, most containing gauge fields during [5], or after inflation [6], have been sug-
gested as the origin of a quadrupolar term in the primordial power spectrum. Komatsu and
Kim [9] tried to constrain B using the Planck 2013 data [10] and found no evidence for this
violation of rotational symmetry. After the removal of the beam asymmetry effect in the
Planck 143 GHz map, they found
− 0.03 < B < 0.033 (95% C.L.) . (4)
The Planck collaboration put model-dependent constraints on B from their 2013 data [10] in
the context of different anisotropic inflationary models (see [5] for a handful of these models)
4exploiting the effects of the quadrupole term on the three-point function. The strongest of
such constraints is
− 0.05 < B < 0.05 (95% C.L.). . (5)
Kamionkowski and Pullen [11] claim that Planck can detect the quadrupole power as small
as 2%. In this work, we shall also obtain a crude bound on the parameter B analytically from
the lack of violation of statistical cosmic isotropy at high l’s, which we find in agreement
with (4) from [9]. The way this bound is obtained implies that we could obtain a better
estimate of the parameter B from improved data at higher l’s.
The main aim of this work is to understand the general implications of the possible
anisotropy in the initial conditions to the observable correlations of the CMBR temperature.
Besides the statistical anisotropy in the two-point function, there will also be signatures in
the bispectrum. The amplitude of the local non-gaussianity gets generally enhanced in the
presence of excited states. However, with an anisotropic power spectrum, the amplitude
of fNL will also depend on the angles the modes make with the preferred direction. For
positive B, in a triangular configuration, when the short wavelength modes are parallel (or
antiparallel) to the preferred direction, we will get the largest increment to the amplitude
of f localNL . On the other hand, if the long wavelength mode is (anti)parallel to the preferred
direction, we will get the maximal reduction from the mean value for the f localNL (the situation
is reversed if the parameter B is negative).
The structure of the paper is as follows. In Section II, we formulate our general pa-
rameterisation of the initial conditions, and discuss two distinct classes of physical models
which correspond to different regions of the parameter space. In the presence of physics that
violate the symmetries of the cosmological background, the question arises if one can still
assume this background to arise as a supposed average of its contents: we take this issue of
backreaction carefully into account in Section II and go to further detail in Appendix B. We
then compute the effect of the quadrupole term on the temperature anisotropy of the CMBR
in Section III. In particular, we find an analytic bound on the parameter B, which quantifies
the amount of violation of the rotational invariance, comparable with the bounds obtained
using the Fisher Matrix methods. In Section IV, we obtain the bispectrum in the anisotropic
scenarios. As expected, the local configuration is enhanced for such excited initial states
with an amplitude which is within the 1σ bound of the Planck data. In addition, one finds
a modulation that depends on the angles the modes make with the preferred direction.
5II. ROTATIONAL SYMMETRY BREAKING EXCITED INITIAL STATES
The predictions of inflationary models for the CMBR spectrum depend on the initial
state of the quantum perturbations as well as the specific details of the model. The standard
lore is that these perturbations embark upon the Bunch-Davis (BD) vacuum [12], and are
therefore minimum energy states at the time they pop out of vacuum inside the horizon of
an inflationary background.Therefore it is conceivable, and in fact can be shown, that the
predictions of inflation depend on the initial condition of perturbations.
The equation of motion for the gauge-invariant scalar perturbation modes, u~k, in an FRW
background is
u′′~k +
(
k2 − z
′′
z
)
u~k = 0 , (6)
where u~k(τ) is the spatial Fourier mode of the Mukhanov-Sasaki variable, as defined in
[15]. Prime denotes derivative with respect to the conformal time τ . In a quasi-de-Sitter
background, where the Hubble parameter H is almost constant, the most general solution
is given by
u~k(τ) '
√
pi|τ |
2
[
α~kH
(1)
3/2(k|τ |) + β~kH(2)3/2(k|τ |)
]
, (7)
where H
(1)
3/2 and H
(2)
3/2 are respectively Hankel functions of the first and second kind, which
respectively behave like the positive and negative frequency modes in the infinite past. The
Bogoliubov coefficients satisfy the Wronskian constraint,
|α~k|2 − |β~k|2 = 1 , (8)
and the standard BD vacuum is obtained when α~k = 1 and β~k = 0. We allow these
coefficient to depend on the direction of the excited momenta, with a form that will depend
on the excitation mechanism. For example, if the inflaton is coupled to a vector field, it is
conceivable that these coefficients depend on the direction of momenta.
The scalar power spectrum,
PS =
k3
2pi2
∣∣∣uk
z
∣∣∣2
k/H→0
, (9)
now turns out to be a modulation of the BD spectrum, that is
PS = PBD γS, (10)
6where
PBD =
1
8pi2
(
H
Mpl
)2
, γS = |α~k − β~k|2k=H . (11)
We note in particular that the power spectrum (like the bi-spectrum) only depends on the
relative phase of α∗~k and β
∗
~k
. Hence, it is convenient to parameterise the isotropic contribution
as
αSk = e
iϕ
S coshχ
S
, βSk = e
−iϕ
S sinhχ
S
, (12)
so that χ
S
' sinh−1 βk and e−2χS ≤ γS ≤ e2χS . In an anisotropic vacuum state, the
parameters χ
S
and ϕ
S
can be direction-dependent.
The most general form of (12) up to second order in kˆ · nˆ ≡ cosψ~k ≡ ckˆ is then
β0(kˆ) = sinh
(
χ
S
+ ε2 c
2
kˆ
)
e−i(ϕS+δ2 c
2
kˆ
) . (13)
In accordance with the Wronskian constraint (8), the first Bogoliubov coefficient is
α0(kˆ) = cosh
(
χ
S
+ ε2 c
2
kˆ
)
ei(ϕS+δ2 c
2
kˆ
) . (14)
Now the isotropic amplitude and phase difference of the Bogoliubov coefficients is param-
eterised by χ
S
and δ2, and we also take into account the angularly varying effects, given
by ε2 and δ2, respectively. We do not include odd dependence on the wave vector as ex-
plained in the appendix A. As one expects, the rotation-breaking contribution is constrained
to be perturbative small, but it can dominate over a possible isotropic contribution as we
shall see. The general expression for the quadrupole modulation (where we do not assume
|ε2|, |δ2| < 1), can be written as
B =
2 (ε2 + δ2 sin 2ϕS) sinh 2χS − 2ε2 cos 2ϕS cosh 2χS
cosh 2χ
S
− cos 2ϕ
S
cosh 2χ
S
. (15)
This is the generic leading order anisotropic contribution. Before going into more detailed
predictions, we will first consider the backreaction constraints, due to which it is necessary
to take into account also scale dependence.
For a generic initial state, the energy and pressure density carried by the fluctuations are
of the same order, δpnon-BD ∼ δρnon-BD, and should remain subdominant with respect to the
inflaton total energy. Their variations with time should also not hinder the slow-roll condi-
tion. Noting that δρ′non-BD ∼ δp′non-BD ∼ H δρnon-BD in the leading slow-roll approximation,
the latter requirement is satisfied if
δρnon-BD   ρ0 , δp′non-BD  H η  ρ0 , (16)
7where  and η are first and second slow-roll coefficients parameters (for definitions please
see [17]) and the strongest of the above two constraints may be written in terms of βk as∫ ∞
H
d3k
(2pi)3
k|β~k|2   η H2M2pl . (17)
We can then discuss the possible physical mechanisms of vacuum excitations and check
whether they could be realised consistently for perturbations in the FRW background.
A. High-energy new physics above M
Various effects of physics at energy scales higher than that of inflation [13], or multi-field
effects [14], could have excited these fluctuations to a state above the Bunch-Davies vacuum
[15].
As was shown in [16], in the regime where the deviation from the BD vacuum is large,
χ
S
 1, in order to have maximal separation between the scale M of new physics and
the inflationary Hubble parameter H, one is confined to ϕ
S
' pi/2 and the Bogolubov
coefficients are purely imaginary [34]. The maximum separation is desirable for the validity
of the effective field theory approach. It has also been shown that by assuming initial
conditions other than the BD vacuum both for scalar and tensor perturbation, one can
decrease the tensor-to-scalar ratio in a high-energy scale chaotic models like m2φ2 [16] and
make it compatible with the latest Planck data [1, 10], and that a large amount of running of
the scalar spectral index or a blue tensor spectral index can be induced using scale-dependent
initial condition [17].
We assume that all scales of interest are uniformly excited to an initial state with the
second Bogoliubov coefficient,
β~k = θ(aM − k)β0(kˆ) (18)
once their physical momenta become smaller than the scale M of new physics, that is
k/a(τ) .M . Inevitably, modes which remain above this threshold do not get excited. With
sufficiently high M the choice (18) does not lead to any extra k-dependence in the power
spectrum and does not change the spectral index at observable scales. Moreover, since we
have
δρnon-BD ∼ δp′non-BD/H ∼ |β0(kˆ)|2M4 , (19)
8one obtains the upper bound
|β0(kˆ)| . √ η HMPl
M2
∼  HMPl
M2
. (20)
As discussed in [16] and will be reviewed briefly below, this does not mean |β0(kˆ)| is neces-
sarily very small. Larger values of |β0(kˆ)| can in fact be compensated by a smaller Hubble
parameter H in order to match the normalization of density perturbations with the data.
In the case of imaginary coefficients, ϕ
S
= ϕ(S)
S
= pi/2, which we denote with the upper
index S for clarity, we obtain that
γ
(S)
S = e
2χ
S + 2ε2e
2χ
S c2
kˆ
+ 2
(
ε22e
2χ
S − δ22 sinh 2χS
)
c4
kˆ
+ . . . , (21)
and thus the quadrupole is simply B(S) = 2ε2. As the power spectrum is amplified by
P
(S)
S = e
2χ
SPBD, it is obvious that when matching the result with the observed amplitude of
the primordial fluctuations one is forced to lower the inflationary scale exponentially with
increasing χ
S
. In this case, the observational constraint (4) yields
− 0.015 < ε2 < 0.0165 (95% C.L.) , (22)
but leaves δ2 as a free parameter.
B. Large-scale asymmetry below M
It is conventional to assume that inflation lasted long enough so that at each relevant
cosmological scale, the perturbation modes had been safely inside the BD vacuum region
in the past. However, if inflation went on only for approximately the minimal period that
is needed to generate a homogeneous universe of the present proportions, that is about
60 e-folds, then the largest observable scales originate effectively from a background that
inflation did not have time to homogenise. As such modes live in a background geometry
that does not have the symmetries of the Minkowski space, there seems no reason to expect
that their quantum state should somehow have settled to the Minkowski vacuum.
Thus, even in the context of the most minimal single-field inflation models, it can natu-
rally occur that perturbations at the largest relevant scales had frozen outside the horizon
in non-BD state, if we just consider that inflation started from a generic initial state and
9lasted only for a finite period. One may argue, that due to the accumulation of quantum
backreaction, there are generic restrictions on the duration of inflation [24]. Explicit bound-
ary conditions have been also formulated for the start of inflation by quantum tunneling
from e.g. Kasner spacetime [28, 29], in which case the largest scales of our universe would
indeed carry imprints from the anisotropies of the primordial vacuum.
In addition, inflation itself could be (slightly) anisotropic. There are models where in-
flation has some small anisotropic ”hair” generated by vector field dynamics, that can be
present only for finite period without backreacting too much on the average isotropy [5–8].
In such models one may well consider that the vacuum state should reflect the non-minimal
vector field couplings and the anisotropy of the background by breaking rotational invari-
ance, see Ref. [25–27].
In scenarios such as discussed above, the cut-off scale M can be seen as an infrared
scale, below which the rotational symmetry is broken. Basically there is a length scale
that marks distances above which the anisotropies do not average out, and the assumption
of the maximally symmetric vacuum breaks down. One can then regard that the particle
creation stems exclusively from the breaking of symmetry: in the case of a preferred direction
puncturing the sphere of SO(3), we would have purely homogeneous deviation from BD
vacuum, and in such a way that it vanishes on the plane of the residual symmetry, wherein
the modes would have the standard initial conditions. The corresponding parameter region
is χ
S
≈ 0.
In this case of purely anisotropic deviation from the Bunch-Davis vacuum, χ
S
= 0, we
denote γS by the upper index γ
(0)
S , and similarly for other quantities. We obtain the γS from
the relation (11) as,
γ
(0)
S = 1− 2ε2 cos 2ϕSc2kˆ + 2ε2 (ε2 + 2δ2 sin 2ϕS) c4kˆ
+ 4ε2 cos 2ϕS
(
δ22 −
1
3
ε22
)
c6
kˆ
+ . . . . (23)
Thus, by writing the power spectrum as in (1), the leading order coefficients
A(0) = 0 , B(0) = −2ε2 cos 2ϕS , C(0) = 0 , (24)
all vanish if the phase difference is a right angle, 2ϕ
S
= pi/2. The higher order coefficients
will not vanish in general, but they are suppressed by the corresponding powers of ε2 and
δ2. See the Appendix A for more details.
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III. MICROWAVE BACKGROUND
In the following, we will analytically find a bound on B comparable to that found in [9].
We would like to know how the modified power spectrum (1) affects the prediction for the
CMBR temperature fluctuations up to the quadrupole term B. The anisotropy in ∆T/T
along the direction of the unit vector eˆ is related to the primordial fluctuations by
∆T
T
(eˆ) =
∫
d~k
∑
l
(
2l + 1
4pi
)
(−i)l Pl(kˆ · eˆ)R(~k) Θl(k) , (25)
where Pl is the Legendre polynomial of order l, Θl(k) is a function of the magnitude k = |~k|
that incorporates, for example, the effects of the transfer function [35], and R(~k) = −u~k/z
at the end of inflation. The CMBR multipole moments are then defined by
alm =
∫
dΩeˆ [Y
m
l (eˆ)]
∗∆T
T
(eˆ) . (26)
Since we are interested in computing the expectation values 〈alm a∗l′m′〉 to leading order
in the small quantity ε2, we write
〈alm a∗l′m′〉 = 〈alm a∗l′m′〉0 + ∆(lm; l′m′) , (27)
where the usual isotropic part is
〈alm a∗l′m′〉0 = δll′ δmm′
∫ ∞
0
dk
k
Piso(k) Θ
2
l (k) . (28)
Like in [4], we work with the “spherical” components of the preferred unit vector nˆ,
n+ = −
(
nx − i ny√
2
)
, n− =
(
nx + i ny√
2
)
, n0 = nz , (29)
which satisfy n20 − 2n+ n− = 1, and
Pl(kˆ · nˆ) = 4pi
2l + 1
l∑
m=−l
Y ml (nˆ) [Y
m
l (kˆ)]
∗ , (30)
Exploiting the identity, one finds
∆(lm; l′m′) = (−i)l−l′ × (31)∫ ∞
0
dk
k
Piso(k)B ξ
(2)
lm;l′m′Θl(k) Θl′(k) ,
11
where
ξ
(2)
lm;l′m′ =
4pi
3
∫
dΩkˆ [Y
m
l (kˆ)]
∗ Y m
′
l′ (kˆ)
×
[
n+ Y
1
1 (kˆ) + n− Y
−1
1 (kˆ) + n0 Y
0
1 (kˆ)
]2
, (32)
and we used the phase convention for the spherical harmonics from [18].
The integral (31) contains information about the power spectrum and the transfer func-
tion, as well as the scale-dependence of the preferred-direction effect, whereas the constants
ξ
(2)
lm;l′m′ are purely geometrical and can be conveniently decomposed as
ξ
(2)
lm;l′m′ = n
2
+ ξ
++(2)
lm;l′m′ + n
2
− ξ
−−(2)
lm;l′m′
+2n+ n− ξ
+−(2)
lm;l′m′ + 2n+ n0 ξ
+0(2)
lm;l′m′
+2n− n0 ξ
−0(2)
lm;l′m′ + n
2
0 ξ
00(2)
lm;l′m′ . (33)
These coefficients were calculated in [4] and are shown in Appendix C.
Assuming that the breaking of rotational symmetry is scale-invariant, and thus B(k) =
B∗, and defining polar coordinates θ∗ and φ∗ for the preferred direction,
nx = sin θ∗ cosφ∗ , ny = sin θ∗ sinφ∗ , nz = cos θ∗ , (34)
these expressions can be used to constrain the three parameters (B∗, θ∗, φ∗) observationally.
When B(k) = B∗, for l = l′ and m = m′, the expressions simplify as the dependence on
the power spectrum for the terms that violate rotational invariance ∆(lm; lm) is the same
as the rotationally-invariant part 〈alma∗lm〉0. We can then find a simple expression for their
ratio,
∆(lm; lm)
〈alm a∗lm〉0
(35)
=
B∗
2
[
sin2 θ∗ + (3 cos2θ∗ − 1) 2l
2 + 2l − 2m2 − 1
(2l − 1)(2l + 3)
]
.
We note the alm’s are independent random variables, and we have
〈alm a∗lm〉0 = C0l δll′ δmm′ , (36)
where we introduced
Cl ≡ 1
2l + 1
m=1∑
m=−l
alm a
∗
lm
= C0l +
1
2l + 1
m=l∑
m=−l
∆(lm; lm) . (37)
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From (35) and (36), we can calculate
∆Cl
Cl
' ∆Cl
C0l
(38)
=
B∗
2
[
sin2 θ∗ + (3 cos2 θ∗ − 1) (2l + 1)(2l − 3)
3(2l − 1)(2l + 3)
]
,
which we note can become negative for some range of θ∗.
Noting we can allow for the statistical uncertainty
∆Cl
Cl
=
√
2
2l + 1
, (39)
and requiring the observational constraint that the uncertainty in ∆Cl/Cl be smaller than
the statistical uncertainty allowed for a given l up to l ' 2500, which is the maximum l
probed by Planck, one can put an upper bound on B∗, for a given θ∗. For high l’s, the upper
bound on ε2 is not sensitive to θ∗. For l = 2500,
|B∗| . 0.06 , (40)
which is twice as large of the bound Kim and Komatsu found using the statistical methods [9]
and almost equal to the bound the Planck collaboration found using the data on the three-
point function [10]. As we mentioned in the Introduction, a better knowledge of the spectrum
at higher l’s would allow for a more accurate estimate of B∗ and the quadrupole correction.
Another intriguing point about (38) is that for 0 ≤ θ∗ ≤ pi/6 and 5pi/6 ≤ θ∗ ≤ pi,
∆C1/C1 will have a sign different from the corresponding term for other l’s. For maximum
positive B∗ that satisfies the observational constraint (4), ∆C1/C1 is about −0.006 which
suggests that the power spectrum with quadrupole correction tends to suppress the dipole
multipole coefficient, C1. Of course this amount of suppression is too small to account for
the suppression seen at low l-multipoles [1].
IV. BISPECTRUM
Let us now calculate the three-point function for the above direction-dependent excited
states to see how they modify the bispectrum. One can first determine the Wightman
function from the solutions (7),
G>k (τ, τ
′) ≡ H
2
φ˙2
uk(τ)
a(τ)
u∗k(τ
′)
a(τ ′)
, (41)
13
and the three-point function is then determined from the Wightman function as [19]
〈ζ~k1ζ~k2ζ~k3〉 = −i (2pi)3δ3
(
3∑
i=1
~ki
)(
φ˙
H
)4
H
M2P
×
∫ 0
τ0
dτ
k23
[
a(τ) ∂τG
>
~k1
(0, τ)
]
×
[
a(τ) ∂τG
>
~k2
(0, τ)
] [
a(τ) ∂τG
>
~k3
(0, τ)
]
+permutations + c.c. . (42)
The bispectrum then takes the form
〈ζ~k1ζ~k2ζ~k3〉 = (2pi)3δ3
(
3∑
i=1
~ki
) 2H6 ∑
i>j
k2i k
2
j
φ˙2M2P
3∏
i=1
(2k3i )
(43)
×
[
A
1− cos(ktη0)
kt
+B
sin(ktη0)
kt
+
3∑
j=1
Cj
1− cos(k˜jη0)
k˜j
+
3∑
j=1
Dj
sin(k˜jη0)
k˜j
]
where kt = k1 +k2 +k3 and k˜j = kt− 2kj. Terms proportional to Cj and Dj are respectively
the ones that can lead to enhancement in the local configuration, k1 ' k2  k3 [20], or
flattened (folded) configuration, k1 + k2 ' k3 [21]. The above coefficients are given by
A =
∏
(α~ki − β~ki)
(∏
α∗~ki +
∏
β∗~ki
)
+ c.c.
B = i
∏
(α~ki − β~ki)
(∏
β∗~ki −
∏
α∗~ki
)
+ c.c. (44)
Cj =
∏
(β~ki − α~ki)
(
β∗~kj
α∗~kj
∏
α∗~ki +
α∗~kj
β∗~kj
∏
β∗~ki
)
+ c.c.
Dj = i
∏
(α~ki − β~ki)
(
β∗~kj
α∗~kj
∏
α∗~ki −
α∗~kj
β∗~kj
∏
β∗~ki
)
+ c.c.
The enhancement of the flattened configuration is however lost in slow-roll inflation after
the projection of the bispectrum shape on the 2-dimensional CMBR surface [22]. Besides,
for the large deviations from the BD vacuum, with χ
S
 1 and φ ' pi/2, the enhancement
factor is exactly equal to zero. Thus we focus on the local configuration enhancement for
k1 ' k2  k3. In this regime, the three-point function becomes
〈ζ~k1ζ~k2ζ~k3〉 ' −(2pi)3δ3
(
3∑
i=1
~ki
)
2H8 
φ˙2
3∏
i=1
k3i
∑
i>j
k2i k
2
j
k3
C , (45)
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where
C = <
{
3∏
i=1
(α~ki − β~ki)
[
3∏
i=1
α∗~ki
(
β∗~k1
α∗~k1
+
β∗~k2
α∗~k2
)
+
3∏
i=1
β∗~ki
(
α∗~k1
β∗~k1
+
α∗~k2
β∗~k2
)]}
(46)
= <
[
(α∗~k3 + β
∗
~k3
)(α∗~k2β
∗
~k1
+ α∗~k1β
∗
~k2
)
3∏
i=1
(α~ki − β~ki)
]
.
One can then employ the definition
fNL ≡ −5
6
δ〈ζ~k1ζ~k2ζ~k3〉∑
i>j
〈ζ~kiζ~ki〉〈ζ~kjζ~kj〉
, (47)
and obtain
fNL = −20
3

k1
k3
C
γS(~k3)[γS(~k1) + γS(~k2)]
. (48)
Below the formula is evaluated in the two limiting cases we consider.
A. Maximally occupied vacuum
We will first consier the limit χ
S
 1, which requires ϕ
S
' pi/2 for the validity of the
effective field theory. Assuming ε1 = δ1 = 0, and expanding δfNL in terms of ε2 and δ2 up
to first order,
fNL ' f 0NL + f ε2NLε2 + f δ2NLδ2 , (49)
we have
f 0NL '
5
3
k1
k3
, (50)
f ε2NL '
5
3
k1
k3
[
c2~k1 + c
2
~k2
− 2 c2~k3
]
, (51)
f δ2NL ' 0 , (52)
in the limit χ
S
 1 and ϕ
S
' pi/2, required for the validity of the effective field theory.
Since c~ki ≡ cosψ~ki = kˆi · nˆ, the amplitude of the bispectrum depends on the angles that
three different momenta make with the preferred direction. One should also note that, in
the same limit, both the power spectrum and bispectrum do not depend on δ2.
The f 0NL, which gives the dominant contribution to the bispectrum, is however indepen-
dent of the the angles. We take the largest scale at which the cosmic variance is negligible
15
to correspond to l = 10 and the smallest one to be the largest l probed by the Planck
experiment, l ' 2500. If one assumed that a large field model of inflation like m2φ2 is made
consistent with the lack of B-mode observation, choosing the proper initial condition for the
tensor perturbations [16], so that  ' 0.01 is allowed, one would obtain
f 0NL ' 4.17 . (53)
This is still within the 2σ bound for local non-gaussianity in the Planck 2015 data [23].
On the other hand, we could assume that tensor perturbations originate from the same
excited initial states as the scalar perturbations and use the unmodified consistency relation,
r = 16 , and the current bound on the tensor-to-scalar ratio, r < 0.11 (95% C.L.), to
constrain . We would then find the angle-independent part of the non-gaussianity is
f 0NL ' 2.86 . (54)
At higher orders, the excited anisotropic initial condition induces a directional depen-
dence in the bispectrum at the first order correction. Of course, the angles ψ~ki ’s are not
independent. Let us first focus on the general case in which the preferred direction is not
necessarily coplanar with the triangular configuration. Since k1 = k2 and k3  k1, the
vectors ~k1 and ~k2 are almost anti-collinear and thus
ψ~k2 ≈ ψ~k1 + pi . (55)
The angles ψ~ki can vary in the interval
θ . ψ~ki . pi − θ , (56)
where θ is the acute angle the preferred direction makes with the plane of the triangle. Using
simple geometry, it can be shown that in the limit k3  k1,
cos2 ψ~k1 + cos
2 ψ~k3 ' cos2 θ . (57)
Using this relation and (55), one obtains
fNL =
5
3

k1
k3
[
1 + ε2
(
4 cos2 ψ~k1 − 2 cos2 θ
)]
. (58)
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FIG. 1: The setup when the preferred direction, nˆ, makes an angle of θ with the plane of the
triangular configuration.
For a given θ, the maximum enhancement with respect to the first order result, f 0NL, is
given when ψ~k1 = θ. The minimum of fNL would occur for a local configuration that has
ψ~k1 = pi/2. This variation between the minimum and maximum obviously enhances for
the local configuration that is coplanar with the preferred direction nˆ. The maximum and
minimum for the largest positive ε2 allowed from the data, Eq. (22), and an inflationary
model with  ' 0.01 are respectively
fmaxNL ' 4.3 (59)
and
fminNL ' 4.03 . (60)
The maximum would occur when the largest wavenumbers are parallel (or antiparallel) to
nˆ. The minimum would occur when the small wavenumber is parallel (or antiparallel) to
the preferred direction. The difference between the values of non-gaussianity for these two
configurations is ∆fNL ' 0.27 which can be used to constrain the model. For the maximum
value of , one would obtain from the unmodified consistency relation, the maximum and
minimum values are fmaxNL ' 2.96 and fminNL ' 2.78. The non-gaussianity parameter, fNL takes
intermediate values between fminNL and f
max
NL depending on the angle the largest wavenumber
makes with the preferred direction. Above, we used the approximation k3  k1. One can
compute the corrections due to the finiteness of g ≡ k3/~k1 and notice that the relative
corrections are of order g2. For g ' 4× 10−3, the relative change in non-gaussianity will be
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FIG. 2: The angular pattern S in (64) in the allowed domain of θ and ψ1.
O(10−6). The absolute change in the values of non-gaussianity with respect to the previous
case will be a minute ε  g = O(10−6).
Phenomenology of models that predict a non-trivial structure in the bispectrum, which
depends on the angle between the short and long modes has been studied [32]. In our case,
the modulation of the bispectrum in terms of the polar angles, that the modes makes with
the preferred direction, can be used to distinguish this scenario. For local configurations that
are coplanar with the preferred direction, the configurations in which the large wavenum-
ber are parallel or antiparallel to the preferred direction has the maximum non-gaussianity,
whereas the ones in which these modes are perpendicular to the preferred direction leads to
less amount of non-gaussianity. The difference between non-gaussianities of these two con-
figurations is about 0.27 for the largest value of ε2 (which quantifies the level of rotational
symmetry breaking) allowed in the initial state. This could be which could be used to dis-
tinguish the model from other scenarios that considers the breaking of rotational symmetry
during the inflation.
B. Purely anisotropic modulation
In this subsection we consider the bispectrum in the case χ
S
= 0. We recall that with
the phase ϕ
S
= pi/4 there is then no constraint from the quadrupole piece of the two-
point correlation, and the higher order pieces are under control as long as ε2, δ2 < 1. The
backreaction bound can be satisfied given a low enough mass scale M in (B10). To the first
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FIG. 3: The amplitude of the factor S in (64) as a function of −1 < ε2 < 1 for three angular
configurations. The amplitude reaches its maximum at the poles, when the plane of the three
momenta is (anti-)collinear with the preferred direction. For the configurations whose plane is
perpendicular to the preferred direction the correction to the standard slow-roll result is zero.
order in ε2, δ2 < 1, we obtain that, when χS = 0,
f
(0)
NL = −
10k1
3k3
(
c2
kˆ1
+ c2
kˆ2
)
cos 2ϕ
S
ε2 + O(ε
2
2) . (61)
For ϕ
S
6= pi/4, noting (24) and the bound exist on the quadrupole term,
− 0.25 . f (0)NL,max . 0.28 (62)
which is small. Negative values of f
(0)
NL is obtained for ε2 < 0. On the other hand, this
contribution vanishes when ϕ
S
= pi/4 and at that limit we are not restricted to tiny ε2 from
the quadrupole constraint. Let us for simplicity fix the phase exactly to ϕ
S
= pi/4 in all
directions, so that also δ2 = 0. We then obtain the full result as
f
(0)
NL =
5k1
3k3
[
2 sech2×3
cosh2×1 + cosh2×2
S
]
, (63)
where
S = 2 sinh21+2 + sinh2×3 (sinh2×1 + sinh2×2) ,
and we have resorted to the short-hand notation such that
sech2×3 = sech
(
2ε2c
2
kˆ3
)
,
sinh1+2 = sinh
[
ε2
(
c2
kˆ1
+ c2
kˆ2
)]
, etc .
If we set up our configuration the same way as in the previous case, we can write c2
kˆ1
+ c2
kˆ3
≈
cos2 θ and c2
kˆ2
≈ c2
kˆ1
. We then have that
f
(0)
NL =
5k1
3k3
S(θ, c2
kˆ1
) , (64)
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with
S = 2 tanh2×1 sech2×(θ−1)
(
sinh2×1 + sinh2×(θ−1)
)
,
where
sinh2×(θ−1) ≡ sinh(2 cos(θ)− 2c2k1) ,
sech2×(θ−1) ≡ sech(2 cos(θ)− 2c2k1) .
The result (64) was written as the isotropic prediction (which is a number typically around
4−5) times an angular modulation function S. We plot the angular pattern of this function in
the figure 2, where it becomes apparent that the bipolar bispectrum starts with a quadrupole
rather than a monopole. The correction to the non-gaussianity is completely zero for the
configurations whose planes are perpendicular to the preferred direction. In this case the
amount of non-gaussianity is given by the slow-roll results. From the figure 3, where we
numerically evaluate the amplitude of the function S, it is seen that the maximal f
(0)
NL could
viably be of the order of about 20-30 for ε2 . 1 for the coplanar configurations in which
large momenta are parallel or anti-parallel with the preferred direction. This should indeed
be detectable by near-future cosmological missions. Thus, a smoking gun signature of the
scenario is the extremely bipolar feature of the non-gaussianity. The nontrivial higher order
statistics manifest only in preferred directions in the sky and disappear when correlating
structures are in the perpendicular plane. As this can occur while the power spectrum re-
mains the standard isotropic one, unexpected asymmetries could be awaiting their detection
in the CMBR.
V. CONCLUSIONS
We considered non-Bunch Davies initial conditions for inflation that break rotational
invariance. It was argued that the 4-parameter ansatz (13) should capture the essential
features of various different scenarios. In addition there must be a scale M such that the
vacuum is not occupied for arbitrarily high modes, as that would lead to divergent en-
ergy density (and a too strong backreaction to the cosmological background before that).
In (13), there are two parameters for the isotropic properties of the vacuum, ϕS and χS ,
which correspond to the phase difference of the Bogoliubov coefficients and their magnitude,
respectively. Analogously, there are two parameters, δ2 and ε2 that quantify the possible
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directional dependence of the phase difference and the amplitude of particle creation, respec-
tively, incorporating the cases where the primordial vacuum state might appear asymmetric
to an observer in our frame.
We distinguished two physically different classes of scenarios which might exhibit such
asymmetry and focused on their predictions. They correspond to the following limits of the
parameter χ
S
:
• χ
S
 1. Large χ
S
means efficient particle creation. The backreaction constraints then
push the phase ϕS → pi/2, and allow the scale M to be an order-of-magnitude-or-
so above the inflationary scale, so that the effective field theory approach could be
reasonable. Then high energy processes above the scale M > H could be responsible
for the non-emptiness of the vacuum, and such processes could bring about anisotropic
effects at suitable scales.
• χ
S
= 0. Then the vacuum is nontrivial purely due to the asymmetry. In this case,
a special phase difference turns out to be ϕS → pi/4, since when the vacua are ”per-
pendicular” to each other, there is no quadrupole in the power spectrum. If only a
bubble not excessively larger than the observable universe was inflated from a smooth
patch within a larger asymmetric region, the longest-wavelength pertubations in the
universe could originate from an anisotropic vacuum.
In both cases, the parameter ε2 typically determines the magnitude of observable effects,
whilst the directional dependence of the phase difference, δ2, is more difficult to constrain.
We found that in the case χ
S
 1, the quadrupole constraint from the power spectrum
still leaves room for non-Gaussian statistics of the three-point function. The fNL is amplified
with respect to the standard case and has a subtle angular modulation. These are at the
level that, optimistically, can be ruled out with the future data.
In the purely anisotropically modulated models with χ
S
= 0 the aforementioned features
can be more pronounced. Firstly, the non-Gaussianity can be very significant, because
the parameter ε2 does not necessarily produce a quadrupole B. Secondly, the angular
modulation of the statistical properties is stronger, because there is no constant background
fNL in contrast to the former class of models.
In this study we focused on the breaking of the spatial rotation symmetry. Of the
Minkowski isometries, one could also consider constraining the breaking of the boost rota-
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tion symmetry, or of the translational invariance. In the toy model [2] a particular such
generalisation was realised by an x-dependent modulation of the initial condition, but a
more proper analysis would require the development of a formalism, where the mode func-
tions (when written in the conventional plane wave basis) are not orthogonal, but can be
correlated [30, 31]. In future we hope to extend the results of this paper by studying the
inhomogeneous vacuum and the ensuing non-trivially correlated cosmology.
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Appendix A: Reality of position space spectrum
This appendix is written to provide further evidence for the generality of the vacua
spanned by the parameter space (13) by showing that the initial conditions of the modes
can not depend upon the handedness of their associated wave-vector (as otherwise their
correlations in the position space would not be real).
In fact, we cannot produce imaginary terms in the primordial spectrum from our vac-
uum modification, because the modification is given by the real amplitude γ. Nevertheless,
suppose we generalised the parameterisation (A1) as
β~k = e
− k
aM
+iφ sinhχ , (A1)
χ = χ
S
+ ε1ckˆ + ε2 c
2
kˆ
+ ε3 c
3
kˆ
, (A2)
φ = ϕ
S
+ δ1ckˆ + δ2 c
2
kˆ
+ δ3 c
3
kˆ
. (A3)
In general, there would then appear a dipole,
A = −2ε1 cos 2φ cosh 2χ− (ε1 + δ1 sin 2χ) sinh 2χ
cosh 2χ− cos 2φ sinh 2χ . (A4)
For example, setting φ = pi/2, we have
A = 2ε1, B = 2
(
ε21 + ε2 − δ21e−2χ sinh 2χ
)
,
3
2
C = 3e−4χ (δ2 − δ1ε1) δ1
+ 2ε31 + 6ε2ε1 − 3δ21δ2 − 3δ21ε1 . (A5)
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If the phase difference is φ = pi/4, we have
A = 2 (δ1 + ε1) tanh 2χ,
B = 2ε1 (2δ1 + ε1) + 2 (δ2 + ε2) tanh 2χ ,
3
4
C = 3δ2ε1 + 3 (δ1 + ε1) ε2
+
(
ε31 + 3δ1ε
2
1 − δ31
)
tanh 2χ . (A6)
This is the special case where the power spectrum vanishes if we have a purely even-parity
(δ1 = δ3 = ε1 = ε3 = 0) anisotropic (χ = 0) distortion of the vacuum. Though we have
written explicitly only the results only up to the third order in the starting point (A1) and
the result (A6), the same conclusions would hold at any order.
A question arises whether the we could have odd Bogoliubov coefficients without gener-
ating odd terms in the power spectrum. We will finally consider the case χ = 0,
A = −2iε1 cos 2φ,
B = −2 (ε2 cos 2φ+ ε1 (ε1 − 2δ1 sin 2φ)) ,
C = 4ε1ε2 +
(
4δ21ε1 −
4
3
ε31
)
cos 2φ
+ 4 (δ2ε1 + δ1ε2) sin 2φ . (A7)
We can eliminate the dipole by choosing the difference φ = pi/4, the case in which also the
quadrupole vanishes. Furthermore, by setting δ1 = −ε1/2 we can eliminate the octopole.
In fact, we could eliminate any contribution to the power spectrum at an arbitrary order.
Taking into account higher order expansion of the initial condition, and requiring multipoles
at successive orders to vanish, we are lead to the conditions
− 2δ1 = ε1 ,
−2δ2 = ε2 ,
−12δ3 = ε31 + 6ε3 ,
−4δ4 = ε21ε2 + 2ε4 ,
−48δ5 = ε51 − 12ε1ε22 + 12ε21ε3 + 24ε5
etc . (A8)
One could continue the process to an arbitrary order. There are thus an infinite number
of anisotropic distortions of the Bunch Davis vacua which have no consequences for the
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two-point correlations, and there are vacua with odd Bogoliubov coefficients but real power
spectrum. However, one may conjecture that such properties could not be extended to the
correlations of an arbitrary order in a non-trivial model.
We then show that odd powers of the angular parts of the power spectrum in momentum
space have to be imaginary, otherwise the power spectrum in the position space will be
imaginary. Noting that
PS(x) =
1
(2pi)3/2
∫
d3k PS(k) exp(ik · x). (A9)
Aligning the preferred direction nˆ along the zˆ, the integral over the azimuthal angular
part of the above integral for the n-th multipole term in the primordial power spectrum is
proportional to ∫ pi
0
cosn θ exp(ikx cos(θ)) d cos θ, (A10)
which is
− i
2k 1F2
(
n
2
+ 1; 3
2
, n
2
+ 2;−k2
4
)
n+ 2
, (A11)
for odd n. For even n, it is proportional to
−
2 1F2
(
n
2
+ 1
2
; 1
2
, n
2
+ 3
2
;−k2
4
)
n+ 1
(A12)
where 1F2 is the generalized hypergeometric function and k
2 ≡ k ·k. To compensate for the
extra factor of i in the coefficient of odd multipole terms, their coefficients should be odd
too.
However, we see from (A9) that such imaginary pieces would imply that PS(x) 6= PS(−x).
The real space PS(x) quantifies correlations between structures separated by x, something
that can be meaningfully defined in a volume sufficiently bigger than x3. Say we correlate
structures A with the structures B at separated by x. If PS(x) is not PS(−x) , we ob-
tain another result by saying that we instead correlate the structures B with the structures
A. However, the two procedures of measuring the correlations are physically identical, and
it is thus difficult to make sense of the distinction in an ordinary spacetime. In a non-
commutative theory, one could accommodate such a feature, then stipulating that classical
observations give the average result of the asymmetric correlation. Then, when one consid-
ers two-dimensional projections of the three-dimensional correlation spectrum, the left-right
asymmetry becomes observable in a physically completely consistent way. Therefore the
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CMBR correlations would be well-defined in the presence of imaginary pieces in the primor-
dial power spectrum, and they would include left-right asymmetric modulations, but that
would require to allow for non-commutativity.
Appendix B: The backreacting energy density
In this Appendix we will compute the backreacting energy density more accurately and
taking into account the possible effects of anisotropies and nonzero mass of the modes.
Instead of the sharp cut-off in (B1), we will use here a smoothened exponential filter,
β~k = e
− k
aM β0(kˆ) . (B1)
We define the energy density residing in the excited modes (13) by extending the integral
given by (17) over all scales
ρnon-BD =
1
a3
∫ ∞
0
d3k
(2pi)3
√
m2 +
(
k
a
)2
|β~k|2
=
M4
4pi2
sinh2 (χ
S
) fm
M
fε2 . (B2)
The proportionality to the occupation number and the fourth power of the cut-off is mod-
ulated by the functions fm
M
and fε2 due to mass of the modes and anisotropy, respectively.
The former differs from unity as
fm
M
h 1 +
m2
M2
m .M . (B3)
The piece fε2 is more subtle and depends also on χS . In the limit of large isotropic occupation
number, it becomes
lim
χ
S
→∞
fε2 =
1
2
√
pi
2ε2
Erfi
(√
2ε2
)
. (B4)
In the opposite limit fε2 diverges quadratically and thus a purely anisotropic contribution
does not cancel out
lim
χ
S
→0
ρnon-BD =
M4
20pi2
fm
M
(
ε22 +
5
27
ε42 + . . .
)
. (B5)
In typical inflationary scenarios m  H, and thus for the sub-horizon modes m → 0 gives
a good approximation for the dispersion relation. Also, the anisotropy of the non-standard
vacuum also typically affects the result only by a factor of the order of unity.
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The constraint (16) together with the result for the modified power spectrum implies the
hierarchy (
M
MPl
)4
. 32pi
2
γS sinh
2 χ
S
fm
M
fε2
[ηPS]0 , (B6)
where the square brackets is determined from observations[36]. Written relative to the
Hubble parameter, the upper bound on the cut-off scale is(
M
H
)4
. γS
2 sinh2 χ
S
fm
M
fε2
[
η
PS
]
0
. (B7)
We can then look at what these bounds imply in the limits of large and small isotropic
amplitudes χ
S
.
Since with large occupation numbers we have that
lim
χ
S
→∞
γS
2 sinh2 χ
S
= 1− cos 2ϕ
S
, (B8)
the upper bound is maximal with the phase difference ϕ
S
= pi/2. However, we note that
because in this limit
lim
χ
S
→∞
1
2γS sinh
2 χ
S
= 0 , (B9)
the bound (B6) restricts us to consider ultra-low scale inflation with increasing χ
S
. Thus,
the case χ
S
> 1 together M & H requires very delicate balancing of scales. On the other
hand, in the limit of small occupation number we have the restriction
ε22 .
160pi4
fm
M
(
MPl
M
)4 [
2ηPS
]
0
, whenχ
S
= 0 . (B10)
Thus, if we want to consider larger values of the ε2, we need to adjust the cut-off scale M
to a lower value.
Appendix C: Coefficients of quadratic terms
The coefficients of ξ
(2)
lm;l′m′ , in eq. (33) could be computed in terms of l and m’s
26
ξ−−lm;l′m′ = −δm′,m+2 ×[
δl′,l
√
(l2 − (m+ 1)2)(l +m+ 2)(l −m)
(2l + 3)(2l − 1)
−1
2
δl′,l+2
√
(l +m+ 1)(l +m+ 2)(l +m+ 3)(l +m+ 4)
(2l + 1)(2l + 3)2(2l + 5)
−1
2
δl′,l−2
√
(l −m)(l −m− 1)(l −m− 2)(l −m− 3)
(2l + 1)(2l − 1)2(2l − 3)
]
,
ξ++lm;l′m′ = ξ
−−
l′m′;lm,
ξ+−lm;l′m′ =
1
2
δm′,m
[
−2 δl′,l (−1 + l + l
2 +m2)
(2l − 1)(2l + 3) +
δl′,l+2
√
((l + 1)2 −m2)((l + 2)2 −m2)
(2l + 1)(2l + 3)2(2l + 5)
+ δl′,l−2
√
(l2 −m2)((l − 1)2 −m2)
(2l − 3)(2l − 1)2(2l + 1)
]
,
ξ−0lm;l′m′ = −
1√
2
δm′,m+1
[
δl′,l
(2m+ 1)
√
(l +m+ 1)(l −m)
(2l − 1)(2l + 3)
+δl′,l+2
√
((l + 1)2 −m2)(l +m+ 2)(l +m+ 3)
(2l + 1)(2l + 3)2(2l + 5)
−δl′,l−2
√
(l2 −m2)(l −m− 1)(l −m− 2)
(2l − 3)(2l − 1)2(2l + 1)
]
,
ξ+0lm;l′m′ = −ξ−0l′m′;lm,
ξ00lm;l′m′ = δm,m′
[
δl,l′
(2l2 + 2l − 2m2 − 1)
(2l − 1)(2l + 3) +
δl′,l+2
√
((l + 1)2 −m2)((l + 2)2 −m2)
(2l + 1)(2l + 3)2(2l + 5)
+δl′,l−2
√
(l2 −m2)((l − 1)2 −m2)
(2l − 3)(2l − 1)2(2l + 1))
]
.
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